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The topological phonon state of quantum matter is an emerging field that has been attracting considerable
interest. For instance, Weyl phonons in transition-metal monosilicides have been proposed theoretically and
identified experimentally. However, topological phonon nodal net states are not well studied due to the lack
of realistic materials. Here, based on first-principles calculations and effective model analysis, we propose an
existing material—cuprous oxide—to host the nodal net phonons. The nontrivial phonon surface states and
uncovered phononic arcs are clearly visible on k-resolved phonon spectra, which are amenable to experimental




Quasiparticle excitations in topological semimetals have
attracted enormous interest in the fields of condensed-matter
physics and material science [1–6]. It can be attributed to the
importance of elementary particles in quantum field theory.
While the research progress in the field of particle physics has
been rather slow as it requires large-scale high-energy exper-
iments, the studies of quasiparticles in the context of realistic
materials have achieved considerable advances in recent
years. For instance, the discovery of topological semimet-
als and superconductors [7–9], which host exotic fermions,
has attracted significant attention. In addition to the Weyl,
Dirac, and Majorana fermions, condensed matter allows for
the realization of quasiparticles that have no counterparts in
high-energy physics [10–13], such as the nodal line and nodal
net quasiparticles [14–16]. In the nodal net semimetal, the
valence and conduction bands touch in momentum space such
that the gapless points form a net of connected loops. These
materials are predicted to host peculiar drumhead surface
states [17,18], which are argued to provide a route to high-
temperature superconductivity [19,20]. However, only a few
nodal net quasiparticles have been experimentally observed in
electronic systems, because they must appear in the vicinity
of the Fermi level and they can be destroyed by the effect of
spin-orbit coupling [5]. This condition makes the realization
of ideal nodal net states challenging in electronic systems.
In recent years, research on topological states has been gen-
eralized to bosonic systems, such as photons in photonic crys-
tals [21–23], and classical elastic waves in macroscopic arti-
ficial phononic crystals [24–27]. Earlier studies were focused
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on the behavior of artificial macroscopic mechanical systems
in the kHz energy range. With the development of experimen-
tal techniques, the investigations of phonon systems are no
longer limited to the low-frequency regime. The discovery
of Weyl phonons in transition-metal monosilicides [28,29]
has provided a route to topological phononics [30–32] at the
atomic scale. This has become a motivation to actively explore
topological phonon excitations in the THz energy range in
natural crystalline materials. In contrast to artificial crystals,
topological phonons in realistic materials could play an im-
portant role in thermal transports, electron-phonon coupling,
or other phonon-related processes [33,34]. Up to now, topo-
logical phonons have been reported in many materials [35].
These unconventional phonon states can be classified into
nodal point phonons [36–40], nodal ring phonons [41–43],
and nodal straight-line phonons [44,45]. Unfortunately, nodal
net phonons have not yet been discovered in realistic materi-
als.
In this paper, based on first-principles calculations and ef-
fective model analysis, we propose that the nodal net phononic
quasiparticle states can be identified in the cuprous oxide
(Cu2O) compound. Similar to the fermionic nodal net, the
spectrum of surface phonon excitations in Cu2O exhibits
topological features such as phononic arcs and drumhead
structures, which can be identified from the k-resolved spec-
trum of surface phonons. In contrast to isolated points or loop
nodal structures, the nodal net is formed by crossed nodal
lines at the boundaries of the Brillouin zone (BZ), which is
expected to have a larger contribution to the phonon-related
properties. Compared to the fermionic system, the phonon
nodal net states in Cu2O are robust with respect to the time-
reversal symmetry breaking due to the lack of spin. The
prediction of phononic topological surface states could be
verified by existing experimental techniques, such as neutron
scattering [46], helium scattering [47], and surface electron
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FIG. 1. (a) The crystal structure of Cu2O and (b) its side view of
the (111) surface. (c) The bulk BZ and its projection onto the (001)
and (111) surfaces.
energy loss spectroscopy [48]. Therefore, our findings provide
a promising avenue for investigations of topologically nontriv-
ial states at the atomic scale, and for further development of
phononic devices.
II. CRYSTAL STRUCTURE AND COMPUTATIONAL
METHOD
Cu2O has a cuprite structure with a centrosymmetric space
group Pn3m (No. 224). The optimized lattice constants are
a = b = c = 4.268 Å, in accordance with previous experi-
mental results [49]. The primitive cell is composed of six
atoms, as is shown in Figs. 1(a) and 1(b). Oxygen atoms
are arranged in a body-centered-cubic lattice, and a tetrahe-
dron of Cu atoms surrounds each oxygen atom. The bulk
BZ and its projection on the (001) and (111) surfaces are
presented in Fig. 1(c). The calculations are performed within
the framework of density-functional theory (DFT) [50,51] by
using the Vienna ab initio simulation package (VASP) [52,53].
To describe the exchange-correlation effects, the generalized
gradient approximation (GGA) within the Perdew-Burke-
Ernzerhof (PBE) functional [54] was used. A cutoff energy
for the plane-wave expansion was set to 500 eV. The BZ was
sampled by a (13 × 13 × 13) Monkhorst-Pack mesh [55]. The
phonon-related properties are calculated based on the density
functional perturbation theory (DFPT) [56] as implemented
in the PHONOPY code [57]. For this purpose, a (3 × 3 × 3)
supercell was constructed to obtain a reliable dynamical ma-
trix. It was checked that nonanalytical corrections do not lead
to any significant effect. To reveal the topological features
of the phonon nodal net in Cu2O, we construct a Wannier
tight-binding (TB) phonon Hamiltonian from the second rank
tensor of force constants as implemented in WANNIERTOOLS
[58]. The Berry phase [59,60] of the topological phonon
nodal net is calculated using the equation γn =
∮
C An(k) · dl,
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FIG. 2. (a) The calculated phonon spectra and frequency-
dependent phonon DOS of Cu2O. (b) The enlarged phonon spectra
marked by a black box in (a). (c) The phonon bands crossing forming
a type-II crossing point along the special path W-P [see the BZ in
Fig. 1(c) for details]. The two branches belong to the irreducible
representations A′ and A′′ of the point group Cs, respectively.
where An(k) = −i
∑
n〈un(k)|∇k|un(k)〉 is the Berry connec-
tion, un(k) is the Bloch function of the nth band, and C is a
closed loop in momentum space.
III. PHONON DISPERSION AND DENSITY OF STATES
In Fig. 2(a), we present the phonon dispersion curves cal-
culated along the high-symmetry lines of the BZ and the
corresponding density of states (DOS) of bulk Cu2O. There
are three acoustic branches converging at the  point, indi-
cating dynamical stability of the system. The most interesting
optical branches appear at frequencies ω = 7.2 and 18 THz
along the high-symmetry line X-M, where two branches
merge forming almost flat bands [marked by the black box
in Fig. 2(a)]. In this region, a vanishing DOS is observed. The
DOS at low and high frequencies is dominated by Cu and O
atoms, respectively, as can be seen from the partial DOS. As
an example, we focus on the flat phonon bands at low phonon
frequency (11th and 12th phonon branches). A zoom-in plot
of flat phonon branches around 7.2 THz is shown in Fig. 2(b).
One can see that the two branches touch and form a nodal
straight line lying on the X-M high-symmetry line. There is
a tiny energy dispersion along this direction, which makes
the phonon nodal line not absolutely flat. Next, to study the
phonon band inversion and classify the twofold degeneracy
crossing points, we calculate the phonon band structure along
a special path. The enlarged view of the phonon spectrum
along the W-P direction near the crossing point is shown in
Fig. 2(c), where the coordinates of W and P in momentum
space are (0.45, −0.50, 0.00) and (0.501, 0.50, 0.00) in units
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FIG. 3. (a) A map of energy gaps between the two crossing
branches around 7.2 THz in the kz = π/a plane. Blue represents the
nodal lines (zero gap). (b) A 3D visualization of the 11th and 12th
phonon branches in the kz = π/a plane. (c) A 3D map of the gapless
points located in the cubic BZ. (d) The isofrequency surface at
7.2 THz.
2π/a. The generic k points in the kz = 0 plane have the point
group symmetry Cs, which includes two different irreducible
representations A′ and A′′. One can see that the two crossing
bands form a type-II crossing point.
In the phonon nodal net states, the nodal points are not
isolated in momentum space. After carefully scanning the
band gap in the kz = π/a plane, we find two phonon nodal
straight lines located at the BZ boundary with a peculiar cross-
ing shape, as is shown in Fig. 3(a). Accordingly, the phonon
band structure of the crossing branches in the kz = π/a plane
is given in Fig. 3(b). Furthermore, these nodal straight lines
are perpendicular to each other in different planes, and they
form a nodal net in the three-dimensional (3D) BZ as shown
in Fig. 3(c). To confirm the topological nature of the phonon
nodal net in Cu2O, we calculate the Berry phase of the A′ and
A′′ bands assuming their half-filling. The integration path of
the Berry connection is shown in Fig. 3(c) as a black rectangle.
Under the conditions mentioned, the calculated Berry phase
is π , which indicates the phonon nodal net is topologically
nontrivial. In addition, the isofrequency surface with ω = 7.2
THz is illustrated in Fig. 3(d), which agrees well with the
nodal net in the BZ.
IV. LATTICE MODEL OF THE NODAL NET
To better understand the formation of the nodal net located
along the X-M high-symmetry line in Cu2O, we construct a
simple TB Hamiltonian of phonons from the real-space inter-
atomic force constants. Specifically, we consider a minimal
two-band model with the Hamiltonian defined on a 3D square
lattice with two sublattices that are represented by two atoms
shown in Fig. 4(a). In k-space, the two-band Hamiltonian can
(a) ( )
( )( )
FIG. 4. (a) The effective phonon lattice with two sublattices and
hopping vectors indicated by arrows. (b) The TB band structure
calculated with α = 0, β = −0.01, and γ = −0.89 (all in THz).
(c) Blue solid lines represent the TB band structure calculated
with α = −0.035, β = −0.01, and γ = −0.89. Red dashed lines
represent the results of first-principles calculations. (d) The (001)-
projected phononic slab bands calculated from the TB model, where
a flat surface band is clearly visible.
be written as




where d0(k) and di(k) are real functions of momentum k, and
σi are the Pauli matrices. For the case under consideration,
the appearance of gapless points requires dz(k) = 0. The func-
tions in [Eq. (1)] are given by
d0(k) =ξ + α(cos kxa + cos kya + cos kza), (2)
dx(k) =β(cos kr1 + cos kr2 + cos kr3 + cos kr4)
+γ (cos kr5 + cos kr6 + cos kr7 + cos kr8),
(3)
dy(k) = − β(sin kr1 + sin kr2 + sin kr3 + sin kr4)
− γ (sin kr5 + sin kr6 + sin kr7 + sin kr8),
(4)
where ξ is the on-site energy term, α is the hopping parame-
ters between lattice sites of the same sublattice, and β and γ
are the hopping parameters between lattice sites of different
sublattices. For symmetry reasons, the hopping parameters
β and γ are unequal. The hoppings represent the degree of
effective interatomic coupling, and they are schematically
shown in Fig. 4(a). ri (i = 1–4) and r j ( j = 5–8) are the
hopping vectors shown in Fig. 4(a) by blue solid lines and
yellow dashed lines, respectively. The corresponding energy
dispersion can be calculated as
E±(k) = d0(k) ±
√
d2x (k) + d2y (k), (5)
from which the band crossing appears when dx(k) = dy(k) =
0. The band crossing along the X-M high-symmetry line
195137-3

















































FIG. 5. Phonon surface LDOS of Cu2O and the corresponding
phononic arcs at 7.2 THz. (a) The phonon LDOS projected on the
semi-infinite (001) surface along R̃-̃-M̃. (b) The phonon surface
phononic arc for the (001) surface. (c) The LDOS projected on the
semi-infinite (111) surface along ̃-M̃-R̃. (d) The phonon surface
phononic arc for the (111) surface. The region inside the yellow
dashed line denotes the surface BZ.
originates from the hoppings between different sublattices.
When α = 0 and β = γ , the nodal net appears along the
X-M high-symmetry line at the BZ boundary, and the corre-
sponding band structure is strictly flat, as is shown in Fig. 4(b).
To more accurately reproduce the results of first-principles
calculations, we fit parameters of the TB model as ξ = 7.2,
α = −0.035, β = −0.01, and γ = −0.89 (all in THz). The
corresponding TB band structures are shown in Fig. 4(c) in
comparison with the results of first-principles calculations.
The hopping amplitudes between different sublattices are
significantly larger than those within the same sublattice.
Moreover, the intrasublattice hopping term α breaks chiral
symmetry and causes slight dispersion of the band structure
along the X-M high-symmetry line. On the other hand, the
chiral symmetry can be restored by setting α to zero [see
Fig. 4(b)].
Due to the bulk-boundary correspondence, the nontrivial
nodal net structure leads to the formation of a drumlike surface
state [18]. To find out the role of surface states in Cu2O, we
use a similar method to that in Ref. [61] to construct a 20-
unit-cell-thick slab with O atom termination stacked along the
[001] direction. The phononic bands calculated for the slab are
shown in Fig. 4(d), where an isolated surface band is located
in between the nodal net states connecting the gapless points
[62]. The chiral symmetry is broken by the intrasublattice
hopping term α, thus the surface band is not perfectly flat
having a tiny bandwidth. This indicates that the surface states
would not be dispersionless in a real material system.
Next, we make a detailed analysis of symmetry to in-
terpret the formation of a nodal net shown in Fig. 3(c).
The nonmagnetic space group Pn3m contains the glide


























FIG. 6. Phonon surface states and corresponding arcs of Cu2O at
18 THz. (a) The phonon LDOS projected on the semi-infinite (001)
surface along R̃-̃-R̃. (b) The phonon surface phononic arc for the
(001) surface. (c) The LDOS projected on the semi-infinite (111)
surface along ̃-M̃-̃. (d) The phonon surface phononic arc for the
(111) surface.
M̃z = {Mz|1/2, 1/2, 0}, and they are the products of symme-
try operators and fractional translational vectors in the unit of
the lattice constant a. On the other hand, the time-reversal (T )
symmetry of the phonon system is always conserved. If we
consider the transformations of a k point under the operations
of M̃x and T , we have
(kx, ky, kz )
M̃x−→ (−kx, ky, kz ) T−→ (kx,−ky,−kz ). (6)
Under this combined transformation, the line k =
(kx, 0,±π/a) is invariant, indicating that the product
operation M̃xT commutes with Hamiltonian H (k) if k is
along this invariant line. Due to the spinless nature of the
phonon, we can get T 2 = 1 and M̃2x T 2 = eikyaeikza. Thus,
M̃2xT 2 = −1 satisfies the Kramers-like degeneracy for k
points along the high-symmetry line k = (kx, 0,±π/a),
resulting in the appearance of this nodal line. Similarly, the
appearance of the other nodal lines shown in Fig. 3(c) can
also be explained by the combined transformations of T and
the corresponding glide planes.
V. SURFACE PHONON STATES AND THEIR
TOPOLOGICAL FEATURES
Topological surface states can serve as evidence of the
nontrivial nodal structure of a material. To better understand
the behavior of surface states in Cu2O, we calculate the local
density of surface states (LDOS), and we restore the isofre-
quency contours. To this end, we use the iterative Green’s
function method [63] with a full phonon TB Hamiltonian as
implemented in the WANNIERTOOLS package [58]. The results
are shown in Figs. 5 and 6, where the intensity of the LDOS
is represented by a color bar.
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FIG. 7. Surface phonon DOS and bulk DOS in the low-frequency
(a) and high-frequency range (b) of nodal net states. The black line
corresponds to bulk DOS. Red and blue lines represent the (001) and
(111) surface-projected DOS, respectively.
We first consider the (001) surface with O atom termination
in the low-frequency range. The LDOS calculated along the
surface momentum lines R̃-̃-M̃ is shown in Fig. 5(a). As ex-
pected for nodal-line materials [41–43], the drumhead surface
states connecting the R̃ and ̃ points appear around 7.2 THz.
Its corresponding isofrequency contour is shown in Fig. 5(b).
In addition, the surface phonon LDOS as well as the surface
phononic arcs for the (111) surface calculated along the sur-
face path ̃-M̃-R̃ are shown in Figs. 5(c) and 5(d). One can see
that the surface states along ̃-M̃ are essentially flat and well
isolated from the bulk states. The BZ of the (111) surface is a
hexagon, and the surface phononic arcs form six trianglelike
curves in the surface BZ. Unlike the previously proposed
phononic material whose surface states are buried in the bulk
states and have a considerable energy dispersion, the surface
states in Cu2O are separated from the bulk states and essen-
tially dispersionless. This observation may be beneficial for
further studies of phonon-related properties of topological sur-
faces [64] and for the design of potential phonon devices [31].
The calculated phonon surface states and arcs of Cu2O in
the high-frequency range are shown in Fig. 6. In this situa-
tion, the surface states and arcs are overall similar to the 7.2
THz case. In contrast to the low-frequency range, the band
structure at high frequencies along the -R high-symmetry
line exhibits a small gap [see Fig. 2(a)], and the dispersion
along the X-M direction is more pronounced than at 7.2 THz.
This results in a difference between the surface states in the
low- and high-frequency range. In Figs. 6(a) and 6(b), we
demonstrate the surface phonon LDOS and corresponding
isofrequency contour for the (001) surface. One can clearly
see the uncovered surface states and phononic arcs. Mean-
while, the surface states and phononic arcs for the (111)
surface are shown in Figs. 6(c) and 6(d) as well. It should be
noted that not many topological materials guarantee that their
surface states are clearly observed, because the bulk states
projected onto the material surface cover the surface states
[41,44]. Here, we propose that the topological surface states
in Cu2O with O atom termination are clean, allowing for their
experimental detection, e.g., by means of helium atom energy
loss spectroscopy or inelastic x-ray scattering [29,47].
Phonon-related observable properties are often averaged
over the k-space, i.e., they depend primarily on phonon DOS.
We have calculated the (001) and (111) surface phonon DOS
of Cu2O, which is shown in Figs. 7(a) and 7(b). Here, we only
consider the surface DOS at frequencies around the topolog-
ical nodal nets. For comparison, the bulk DOS is shown by
a black line, which exhibits a minimum at the frequency of
the nodal net. In comparison to bulk DOS, the surface DOS
displays prominent peaks at 7.2 and 17.8 THz, which are
marked by black arrows in Fig. 7. As can be seen from Figs. 5
and 6, the surface peaks originate from the contribution of
nontrivial drumhead surface states. Furthermore, the degree
of localization of the peaks is closely related to the dispersion
of the surface states.
VI. CONCLUSION
In summary, by using first-principles calculations and ef-
fective model analysis, we demonstrate that the nodal net
phonons are present in Cu2O. The nodal net is represented
by straight lines constrained in the high-symmetry line X-M
at the BZ boundary. The absence of spin in phononic systems
ensures that the nodal net phonons in Cu2O are robust with
respect to the time-reversal symmetry breaking. The nontrivial
phonon surface states are clearly visible in k-resolved energy
spectra projected on the (001) and (111) surfaces with O atom
termination. The surface states give rise to distinct resonances
in DOS, which may contribute to phonon transport properties
and play a role in interfacial superconductivity. Our findings
demonstrate that Cu2O is a promising candidate for studying
topological properties involving vibrational degrees of free-
dom.
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